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Energy-efficient Key-equation Solving Algorithm
for BCH Decoding

Hoyoung Yoo' and Youngjoo Lee’

Abstract—This paper presents an energy-efficient
method to solve the key equation in BCH decoding.
The key-equation solving block is so complicated that
it consumes lots of energy because of multiple
registers being dynamically updated every cycle. The
block dominates the overall energy dissipation of
strong BCH decoding and induces unwanted hot-
spots. In achieving a high-performance BCH decoder,
an energy-efficient algorithm should be developed for
solving the key equation. This paper proposes a novel
method to detect the case of single error by exploiting
the relation among syndromes. If a single-error case is
detected, the modified error-locator polynomial is
obtained without solving the key-equation. For a
(16383, 15543, 60) decoder implemented in a 130nm
CMOS process, the proposed method saves 99% and
91%
algorithm and the previous method that detects the

of energy compared to the conventional

error-free case, respectively.

Index Terms—BCH decoding, Key equation solver,
Low-power design

I. INTRODUCTION

The Bose-Chaudhuri-Hocquenghem (BCH) code has
been widely applied to a variety of systems ranging from
optical communication [1] to storage signal processing
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BCH encoder
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BCH decoder v JR(x) =D(x) + E(x)

Syndrome calculation (SC)

Syndrome poémomial = S(x)

Key-equation solver (KES)

Error-locator po;IynomiaI = A(x)

Error-position search (EPS)

@1

Corrected data

Fig. 1. A typical BCH decoding procedure with 3 pipeline
stages.

[2]. Recently, strong BCH decoders that recover more
than 10-bit random errors are reported for erroneous
applications [3, 4]. However, the hardware complexity of
a decoder is exponentially proportional to the error-
correcting capability, and the energy consumed in the
decoding process increases enough to cause unwanted
hot-spots.

The 3-stage architecture shown in Fig. 1 has been
widely used to decode the (n, &, £) BCH code in hardware,
where n is the code length, & is the data length, ¢ is the
number of correctable bit-errors [5]. Given a received
BCH code R(x), the syndrome calculation (SC) block
generates a syndrome polynomial whose coefficients
represent 2¢ syndromes. Using the syndrome polynomial

S(x) = s, + sx + ... + s,7°"", the key-equation solver
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Fig. 2. The distribution of the number of errors in the received
codewords.

(KES) derives an error-locator polynomial. In the last
stage, the error-position search (EPS) block finds error
positions by examining A(x) for »n times. Among the
three stages, the KES is the most complicated and energy
consuming stage especially in strong BCH decoding.
Thus, several researches have been conducted to develop
an energy-efficient scheme and structure for the KES.

One of the most popular methods to reduce the energy
consumption of the KES is to detect error-free cases
reported [6] and [10]. In the previous works, the KES
and EPS stages are skipped when there is no error in the
received BCH code. This is simply detected by
examining whether the 2¢ syndromes are all zeros or not.
However, the previous works are only effective when the
raw bit-error rate (BER) is quite small. In the (16383,
15543, 60) BCH code, for example, 98% of received
codes have no errors at a raw-BER of 10, whereas the
error-free case does not dominate when the raw BER is
increased to 10 as illustrated in Fig. 2. For recent
storage applications suffering from a raw-BER of more
than 107, it is needed to develop a new energy-efficient
scheme that can enlarge the skipping cases [7].

To expand the cases to be skipped, this paper proposes
a novel algorithm that detects whether the received code
has only an error. As the error-locator polynomial for the
single-error code can be easily generated without
performing the KES process, energy can be saved
remarkably even in strong BCH decoders aiming at

erroneous applications. In addition to the single-error

detecting scheme, we also present an energy-efficient
KES algorithm and its hardware structure based on the
Berlekamp-Massey (BM) architecture in [6] and [8].

The rest of this paper is organized as follows. Section
I describes the proposed detection method. The energy-
efficient KES algorithm and its hardware architecture are
explained in Section III. Experimental results are
analyzed in Section IV and concluding remarks are made
in Section V.

I1. SINGLE ERROR DETECTION

Given a syndrome polynomial S(x), the error-locator
polynomial, A(x) = Ayt A;x + ... + Ax, is obtained by
solving the key equation expressed as A(x)xS(x) = Q(x)
mod x¥, where Q(x) is the error-evaluator polynomial
that is not necessary in BCH decoding. To solve the key
equation, two algorithms known as Euclidian and BM
have been used. Both of the algorithms are iterative in
nature, and multiple intermediate values are stored into
registers every cycle [2-4, 6, 9]. As all the values are
updated every cycle, the KES block consumes a
significant energy. To make the block energy-efficient,
the error-free codes are detected early [2, 6, 9, 10]. In the
previous algorithm, the received codeword is regarded as
error-free when all the 2¢ syndromes are zero. If the
error-free case is detected, the decoding process does not
necessitate the remaining stages, eliminating the energy
dissipated in the KES and EPS stages. We can further
reduce the energy dissipation by expanding the detection
range beyond the error-free case.

For the sake of simplicity, the n-bit transmitted
codeword is represented as D(x) =dy+ dix + ... +d, X",
and the n-bit error vector as E(x) = ey + ex + ... + ¢, X" .
Here, we consider the single-error case that the received
codeword, R(x) = D(x) + E(x)=ry+rx+ ... +r,x" " is
corrupted by an error. In the syndrome polynomial S(x),
the i-th syndrome s; is calculated as follows:

s;i=R(@)=ro+rd + ... +r,a" )

Let E(x) be x“, that is, there is an error at the w-th
position. For the case, the i-th syndrome is evaluated as s;
= R(o) = a®, since D(a') is always zero by definition. If
the received codeword has a single error, therefore, the
syndromes have the following relation:
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Proposed KES algorithm

Initialize: 14(0) = by(0) = 1, k(0) = 0, (0) = 1.
Input: S(x) =51 + 5% + ... + 5507

if 55101 = 852:1%82, (=1, 2, ..., t=1) begin
ifs;==0
Error-free case > Decoding success.
else
Single-error case > A(x) =sx + 1.
end
else begin
for u =0 step 1 until /1 begin
O(u) = $2u41%Ao(U) + $2,% A1 (1) + ...+ S XA(1).
ctrl = (6(u) # 0 and k(u) > 0).
A (ut1) = p(u)xA; (u) + o(u)xb; (u) for 0 <i <t.
b; (utl) = (ctrl) ? 2;1(u) : bir(u) for 0 <i<t.
y (ut1) = (ctrl) ? o(u) : y(u).
k (utl) = (ctrl) ? —k(u) : k(u) + 2.
end
AX) = 2o(t=1) + A (t=Dx + ... + 2,(t=1)x
end

Output: A(x)

Fig. 3. The proposed KES algorithm.

s;=s% s for2 <i<2t. 2)

When all the syndromes satisfy (2) and s, is not zero,
the codeword has only one error. According to (2), the
single-error case is detected by 21 Galois-field (GF)
multiplications and comparisons. The signal indicating
the single-error case can be derived by ANDing (2¢-1)
cases.

The proposed algorithm can be extended to include the
error-free case by conducting one additional comparison.

If s, is zero and all the rest syndromes satisfy (2), all
the syndromes are zero, which means that the codeword
is error-free. The proposed detection uses 21 GF
multipliers and 2¢ comparators to find both the error-free
and single-error cases. Note that the previous error-free
detection requires 2¢ comparisons to find all-zero
syndromes. Considering the much wider coverage of
detection, we can accept the additional operations
required in the proposed detection. Furthermore, the
additional complexity can be significantly reduced by
reusing the hardware units of the KES stage. The

hardware structure supporting the proposed single-error

detection will be illuminated in Section III.

As the proposed detection algorithm requires multiple
comparisons and general GF multiplications, it is needed
to relieve the computational complexity of the proposed
work in order to suppress the addition of hardware
components. Based on the well-known properties of GF
operations, we present here a way to reduce the
computation complexity. As shown in [4] and [10],
squaring a syndrome expressed in (1), we can derive a
special property as follows:

st =R o) = (ro+ rd + ... + r,a" >
=(r)* + (na)* + ... + (r,a" VY
=rgtra+ . +r,d Y (3)
= R(o™) = sy,

Hence, an even-indexed syndrome s,; is equal to the
square of s;. Let the received codeword have an error at
the w-th position. The proposed single-error detection
checks every syndrome except s;. As every even-indexed
syndrome is dependent on an odd-indexed syndrome, the
syndrome relation of (2) can be rewritten as

S2i+1 = SZiflx Ay for 1 S i S Z‘*l (4)

This relation leads to a new computing structure that
compares only the odd-indexed syndromes. The new
detecting equations can be implemented with a (+~1)-
input AND operation and #~1 GF multiplications and
comparisons. In other words, the hardware complexity

required in (2) is reduced to almost a half by exploiting

3).
II1. PROPOSED KES ARCHITECTURE
1. Energy-efficient KES Algorithm

Among various KES algorithms, the BM algorithm
has been widely used in BCH decoding due to its area-
efficient architecture [3]. Based on the inversionless-BM
(iBM) method that takes only ¢ cycles [6], the KES
algorithm adopting the proposed detection is presented in
Fig. 3. In the proposed algorithm, #~1 equations between
adjacent odd-indexed syndromes are checked first
according to (4). When all the relations are satisfied, the
proposed algorithm examines s; to decide whether the
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Fig. 4. The entire KES architecture that combines the #-cycle iBM algorithm and the proposed single-error detection.

codeword is error-free or has an error.

Unlike the error-free case that can be completed
immediately, it is required for the single-error case to
find the error location. We present a direct method to
calculate the error-locator polynomial of the single-error
case without solving the key-equation. In the EPS stage
shown in Fig. 1, error positions are determined by
examining whether A(a’) = 0, where i ranges from 0 to
n—1. When o is a root of A(x), there is an error at r, ; | of
R(x). In other words, if there is an error at the w-th bit of
R(x), 1/a® should be a root of A(x). Therefore, A(x) of
the single-error case is a first-order polynomial that has a
root of 1/a”. After ¢ cycles in the previous iBM
architectures [3, 6], the error-locator polynomial for the
single-error codeword is calculated as Ae,(x) = a®x +
oD, Apre®)
polynomial of the previous iBM algorithms. Including

where denotes the error-locator
[10], there have been many iBM modifications presented
to improve the critical delay associated with the regular
structures, however they need to calculate A, (x) by
updating some registers during ¢ cycles as those
variations are theoretically identical to the original iBM
algorithm.

In our algorithm, the error-locator polynomial of the
single-error codeword is generated in a different way.
Preserving the same root of A./(x) and eliminating

redundant operations, the output of KES is set to A (x)
=a“x+1=s;x+ 1 as described in Fig. 3. The proposed
error-locator polynomial can be derived directly from s,
while having the same root as the previous schemes.
Note that the proposed algorithm takes only one cycle for
both the error-free and single-error cases, whereas the
previous methods issue the complicated ¢-cycle
operations for the single-error codeword. Therefore, the
energy required in the proposed KES architecture can be
significantly saved as a result of the extended skipping
cases. In addition, the proposed scheme can be applied to
any variation, leading to the low-power KES architecture.

If one of the #1 relations in (4) fails, the iBM
algorithm should be performed to generate A(x) by
solving the key equation. At the u-th cycle of the iBM
algorithm in Fig. 3, the coefficients of the error-locator
polynomial are represented as A/ (u), and those of the
assisted polynomial as b,(u), where subscript x denotes
the index of a coefficient. In each iteration, the
discrepancy value d(u) is calculated first by using #+1
syndromes and A(u). Considering d(#) and other control
values such as p(u) and k(u), A(u+1) and b (ut+l) are
calculated by performing GF and shift operations. Finally,
the control values are updated for the next iteration. Note
that the iBM algorithm updates all the related values in

every iteration, and thus consumes a significant energy in
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Table 1. Synthesis results of iBM architectures for (16383, 15543, 60) BCH code

Architecture Conventional Error-free detection [6] This work
Gate count 148k 149k 149k
Average cycles* 60 10.06 1.72
Average latency* 300 ns 50.3 ns 8.6 ns
Energy consumption* 1.2x10%J 1.81x10°J 1.59x10°J
Decoder energy consumption® 1.7x10%J 4.8x10° 1 3.2x10°7

" Estimated at a raw-BER of 107,

general. The proposed scheme does not activate the
energy-intensive BM processing for the dominant cases
associated with no error or a single error, which plays a

critical role in reducing the energy consumption.

2. Hardware Architecture

Fig. 4 shows an example of hardware realization
supporting the proposed KES algorithm described in Fig.
3. Note that only the detector, which is depicted with a
dotted box, is added to the iBM structure. In the iBM
hardware, four types of registers are defined to do the
KES processing for ¢ cycles: SR; is used to store 2t
syndrome values computed in the SC block in Fig. 1, LR;
stores #+1 coefficients of error-locator polynomial, and
the assisted polynomial and y(u) used in the iBM
algorithm correspond to AR; and GR, respectively. Note
iBM
checking

that processing units and registers in the
architecture are shared to calculate #-1
equations in (4).

The hardware components shown in the shaded region
of Fig. 4 are activated to detect the single-error case. The
registers in the activated region should be initialized to
proper values so as to detect error-free and single-error
codewords. More precisely, the multiplexor in the shaded
region selects 1 instead of Jd(u), and GR is set to s, at the
detecting phase which is done before the iBM processing.
At the same time, the syndromes corresponding to s,, | of
(4) are placed into LR, through LR, ;, and the first =1 AR,
registers are initialized to s,;; of (4). Note that the other
registers in Fig. 4 are all set to 0 during the detection, and
there is no need to activate them for the detection. Since
the proposed error detection scheme can start when all ¢
odd syndromes are available, a syndrome calculator is
assumed to be implemented in a parallel form.

After the register initialization, the detection is
achieved in only one cycle, as described in Fig. 3. Note
that ¢, in Fig. 4 is sy, + 55,1 %s,. If all the ¢, values are

Zer0, O Sy = S5 %Sy, we check s, to clarify if the
codeword is error-free. As shown in Fig. 4, these
comparisons necessitate simple logic circuitry that
decides whether the input values are zero or not. Thus,
the additional
implement the proposed detection method is negligible

hardware complexity required to
compared to the complexity of the iBM architecture.

When the relation of (4) is met, the detector activates
one of ERR, and ERR; signals depending on s;, where
ERR, and ERR, represent the detection of error-free and
single-error cases, respectively. Activation of ERR,, leads
to the completion of the decoding process, since there is
no bit-error to be corrected. If ERR; is activated, the
error-location polynomial is immediately set to A(x) =
six + 1 by setting LR, to 1, LR, to s, and the rest of LR,
registers to 0. For the single-error case, therefore, the
proposed KES architecture takes only one cycle and does
not process the complicated iBM algorithm, leading to
significant reduction in energy consumption as well as in
decoding latency.

IV. EXPERIMENTAL RESULTS

To verify the energy efficiency of the proposed
detection method, we have implemented three different
KES blocks: the conventional block that does not have any
detection methods, a block based on the previous detection
algorithm that detects the error-free case at the iBM
structure reported in [6], and the proposed architecture that
detects the single-error case as well as the error-free case.
For a fair comparison, all the decoders adopt the iBM
algorithm to calculate the error-locator polynomial, and
they are all designed under an operating frequency of
200 MHz in 130 nm CMOS technology. The synthesis
results targeting the (16383, 15543, 60) BCH code are
summarized in Table 1. Among the three structures, the
proposed architecture uses the smallest energy at a raw-
BER of 107, and the average number of processing cycles
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Fig. 5. Average energy consumptions of various KES blocks
for (16383, 16383-14¢, ) BCH codes, where ¢ denotes the
error-correction capability.

and latency are remarkably reduced by skipping both the
error-free and the single-error codewords. As shown in
Table 1, the hardware complexities resulting from the
three KES architectures are quite similar to one another, as
the logic complexities that are additionally needed to
detect the skip cases are much smaller than that of the iBM
algorithm.

The energy dissipated in the KES block is estimated
based on the following terms. Egy is the energy
consumed to process the iBM algorithm for z-cycles,
E ot represents the amount of energy taken to perform
the proposed detection with the hardware units shown in
the shaded region of Fig. 4, and Ecoyp is the energy
consumed to check if all syndromes are zero. E, stands
for the average energy consumed for the previous error-
free detection method, and E, is the energy consumed
in the proposed detection algorithm that finds both the
error-free and single-error cases. Given a raw-BER of p,,
E, can be defined as

Ey = Egyx(1-(1-p,)") + Ecomp- )

Similarly, EO&1 can be estimated as follows:

Epg1 = Egy*(1-(1-p)'—n%p *(1-p )" ) + Excr. (6)

Note that the probabilities of error detection failures
that activate the BM block are important since energy
consumption in the BM block is dominant. Based on (5)
and (6), the average energy consumptions of three KES
blocks are compared in Fig. 5. In the comparison, several
BCH codes, which are constructed over GF(2'*) by

107°

10712

Energy consumption (J)

—&— Conventional
| | —®— Error-free detection [6]
—a&— Proposed

1 0-1 6 L L L L L L
10" 10° 10° 107 10° 10°
Raw BER

Fig. 6. Average energy consumptions of three KES blocks for
(16383, 15923, 40) BCH code when the raw-BER varies.

varying the error-correction capability ¢, are considered
with assuming a fixed raw-BER of 107°. The proposed
KES algorithm expands the skipping range of the iBM
processing. Compared to the conventional KES block
and the previous block that detects the error-free case,
the proposed block saves 98.7 % and 91.2 % of energy
consumption in case of the (16383, 15543, 60) BCH code.
Fig. 6 shows how the energy consumption of the KES
block is related to the raw-BER. The results are obtained
for the (16383, 15923, 40) BCH code. Note that the
proposed algorithm always consumes the smallest energy
among the three blocks, and significantly reduces energy
consumption when the BER is low. Even if the BER
increases to 10, the proposed work saves 51% of energy
consumption, while the previous error-free detection
consumes similar energy to the conventional block.

V. CONCLUSION

In this paper, we have presented an energy-efficient
method to solve the key equation in BCH decoding. The
proposed method is to detect whether the received
codeword has only an error or not. To detect the single-
error case efficiently, a specific relation that is hold
among syndromes is presented. In addition, a direct way
to generate the error-locator polynomial having the same
root corresponding to the single-error case is described,
which eliminates the need to perform the complicated
key-equation solving process for the single-error case.
The additional hardware complexity for the proposed
KES algorithm is minimized by sharing the hardware
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units in the conventional processing. The previous
method turns off the KES hardware only for error-free
cases, while the proposed work saves the energy
consumption further by extending the skipping range to
the single-error case. In decoding strong BCH codes,
consequently, the proposed method considerably reduces
energy consumption even compared to the previous
error-free detection method.
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